The authors obtain an upper bound on the free energy of the spin I/2 Heisenberg ferromagnet.
I. Introduction
For simplicity of notation, we shall refer from here on to fA and its analogues as free energy. The thermodynamic limit of f A,
is known to exist [9] and gives a continuous convex function of fl and h. We shall be concerned with the zero field free energy f(fl, 0) at large ft.
The standard method of understanding heuristically the low temperature Heisenberg model is the magnon approximation [2] . Let HAm be the Hamiltonian ~A The magnon approximation consists then of assuming that the low temperature Heisenberg model at nonnegative field behaves like the free Bose gas generated by HA. 1 . Since it is possible to calculate the free energy of a Bose gas precisely one expects from the magnon approximation that the Heisenberg free energy (1. In dimension d = 3, the constant Ca = 0.0301, which is to be compared to our bound lc d = 0.0112.
To prove Theorem 1.1, we actually consider a model which lies between the Ising model and the Heisenberg. This is the reason why we get the constant Ca occurring in (1.13) instead of Ca as in (1.10). Indeed, for the intermediate model, the constant ca would be the correct free gas lower bound (see the remark after Theorem 1.2), Unfortunately, in (1.13) we cannot even go all the way to ca.
The configuration space for the Heisenberg N particle Hamiltonian HAm is [3]
(1.14)
The boundary of A~2 is OA~2 = ANkA~2. 
. R N ) .
Thus, the Heisenberg model corresponds to Bose-Einstein statistics [3] . Let us consider the system corresponding to Maxwell-Boltzmann statistics. Thus we consider HAm acting on the full L 2 space The inequalities (1.19) are easily seen from the representation (given in [3] ) of the partition functions in terms of random walk expansions. In fact, the first inequality was explicitly stated in [3] . Remark. Observe that the bounds in Theorem 1.2 are not free gas lower bounds. The free gas lower bounds from (1.23) would correspond to replacing Ca/2 by ca on the right-hand side of the inequality. Inequality (1.24) is known to exist for the Heisenberg model [2] and is proved by using Mermin-Wagner-type arguments [4, 9] .
Evidently, the inequality (1.23) implies Theorem 1.1. It is natural to ask if upper bounds corresponding to (1.23) and (1.24) exist. This is a much more difficult question than the one we have answered. The reason is that the Heisenberg process, viewed as a random walk [3] , differs from the free system in that the walks have been slowed down. The estimates (1.23), (1.24) and the Mermin-Wagner argument [9] are rigorous versions of this intuition. To obtain upper bounds, one needs to estimate the degree of slowing down or subdiffusivity. Remarkably, an upper bound of the form (1.24) is known to exist for the Heisenberg antiferromagnet. This was proved in [4] using the method of Gaussian domination. The constant there is also off, by a factor of 3/2, coming from an overcounting of degrees of freedom. Our conjecture in d t> 3 is based on the expectation that the Heisenberg ferromagnet has a phase transition for d i> 3. There appears to be a relation between this problem and the problem of random walk in random environment [1, 5] . It has been recently shown in a remarkable paper [1] that random walk in a weak random environment is diffusive for d ~> 3. This suggests for our situation that if g is the The anisotropic Heisenberg ferromagnet at low temperature is already well understood, and it has been shown in [6, 8] that a phase transition does exist in d >~ 3. The existence of a phase transition in the Heisenberg isotropic antiferromagnet has been given in [4] . Proof. This follows immediately from (2.8).
We turn to the proof of Theorem 1. The inequality (1.24) then follows from (/.30).
